Abstract. For all integers d f k f 1 and n suitably large we give explicit examples of connected compact real-analytic submanifolds M H C n with the following properties: (1) Every non-trivial covering space of M is non-embeddable in the sense that it is not CR-isomorphic (with respect to its canonical CR-structure) to a CRsubmanifold of C N for any N whatsoever. (2) M has fundamental group p 1 ðMÞ G Z 
Introduction
It is well-known that every real-analytic CR-manifold is locally CR-embeddable into C n for some n, see for instance [2] . In contrast to this, the question about global embeddability into a suitable C n has a negative answer in general. One can obtain fairly general classes of globally non-embeddable CR-manifolds by requiring a certain pseudoconcavity property. This roughly means that at every point the Levi form spans all directions. Further examples occur more generally among CR-manifolds satisfying the so-called strong maximum principle for continuous CR-functions, see [7] , [8] , [14] , [12] . On every compact connected CR-manifold of this type all CR-functions are constant, thus implying nonembeddability. Here and throughout the paper we call a CR-manifold M non-embeddable if it is not isomorphic to a CR-submanifold of any C n -note that every real-analytic CRmanifold is always embeddable into some complex manifold [1] . Because of the above we are only interested in non-embeddable CR-manifolds with 'many' non-constant CRfunctions.
In case the CR-manifold M is strongly pseudoconvex, the maximum principle does not hold in general. Here strongly pseudoconvex means in case M is of hypersurface type that the Levi form is definite at every point of M and, in the general case, that the Levi form at every point is positively definite with respect to some conormal (see e.g. [18] , [10] , [17] ). The first non-embeddable example of this type (attributed to Andreotti in [16] , see also [3] ) is compact and has dimension 3. Later, other interesting 3-dimensional non-embeddable examples have been discovered (see e.g. [9] ), whereas in dimension > 3 compact strongly pseudoconvex CR-manifolds of hypersurface type are necessarily embeddable due to [4] (see also [16] for the real-analytic case). To the authors' knowledge, all known non-embeddable strongly pseudoconvex CR-manifolds so far have been essentially of hypersurface type. By ''essentially'' here we mean to exclude the trivial way of producing further examples by taking direct products of two CR-manifolds, one of which is non-embeddable.
In this paper we construct multi-parameter series of explicit examples of compact non-embeddable real-analytic strongly pseudoconvex CR-manifolds of arbitrary CRcodimension that are not locally products of lower-dimensional CR-manifolds. All these examples are homogeneous with respect to a compact Lie group and have many nonconstant CR-functions in the sense that they are finite covers of embeddable CR-manifolds.
Description of the examples
Let G be a Lie group. A linear G-space is a complex linear space E of finite dimension together with a continuous representation F : G ! GLðEÞ-instead of FðgÞðaÞ for g A G and a A E we simply write g Á a. In case G is compact, every orbit G Á a, a A E, is a real-analytic CR-submanifold of E, on which G acts transitively and analytically by CRtransformations.
For our examples we fix an integer p f 2 and let E be the linear space of all symmetric complex p Â p matrices, that is, E ¼ fz A C pÂp : z 0 ¼ zg, where z 0 denotes the transpose of the matrix z. Then E is a linear G-space for G :¼ SUðpÞ if we put g Á z :¼ gzg 0 for all g A G and z A E. For every a A E the corresponding orbit has the following explicit description:
G Á a ¼ fz A E : detðzÞ ¼ detðaÞ and m j ðzÞ ¼ m j ðaÞ for all j < pg; ð2:1Þ where m j ðzÞ is the sum over all j Â j-diagonal minors of the matrix zz Ã A C pÂp , see [15] , also for the following. Consider the ðp À 1Þ-dimensional simplex
and identify every a A D in the canonical way with the corresponding diagonal matrix in E (having diagonal entries a ii ¼ a i for 1 e i e p). Then for every 0 3 e A E the orbit G Á e is CR-isomorphic to some orbit G Á a, a A D, via a suitable homothety z 7 ! az, a A C Ã . Let 
defines a CR-di¤eomorphism between the two orbits.
For the unit matrix 1 ¼ ð1; . . . ; 1Þ A D, the orbit G Á 1 ¼ SUðpÞ X E is totally real in E. For every other a A D, the orbit G Á a is a minimal, strongly pseudoconvex CR-manifold, and from the explicit description of the Levi form at a, compare [15] , section 9, it can be seen that G Á a locally is not the direct product of CR-manifolds of lower dimensions.
For every a A D let k ¼ kðaÞ be the maximal number of pairwise di¤erent coordinates of a. Then the orbit M :¼ G Á a has CR-codimension f ðk À 1Þ and fundamental group Z kÀ1 2 , where Z 2 is the group of order 2, see Sect. 4. The universal coveringM M of M is a CR-manifold in a natural way. We show thatM M is not separable by continuous CR-functions in general, thus giving an example of a non-embeddable strongly pseudoconvex CR-manifold. To be more specific, we show, for instance, for all a A D þ with yðaÞ 3 a: Every non-trivial covering of the orbit M :¼ G Á a is not separable by continuous CR-functions. Furthermore, the covering spaces of M are pairwise non-isomorphic as CRmanifolds. Recall that the coverings of M are in 1 : 1-correspondence with the subgroups of the homotopy group p 1 ðM; aÞ F Z kÀ1 2 and that the number N n of subgroups in Z n 2 satisfies the recursion formula:
Since G ¼ SUðpÞ is connected and simply-connected, the G-action on every M ¼ G Á a lifts to a G-action on the universal coveringM M of M. In case kðaÞ ¼ p, the universal coveringM M is isomorphic as homogeneous G-space to the group G acting on itself by left translations. In particular, we can construct from this a ðp À 1Þ-parameter family of pairwise CR-inequivalent strongly pseudoconvex leftinvariant CR-structures on SUðpÞ (see [15] , section 13), each of which is non-embeddable.
We would like to mention that the classical tools used to show non-embeddability (see [16] , [9] ) are not available in higher codimension. In particular, a submanifold of higher codimension does not bound any domain and hence the question of finding a suitable domain of extension for CR-functions is more delicate. Here we use our results in [15] describing such regions of holomorphic extension. Furthermore, strong pseudoconvexity of the initial CR-manifold cannot be used to conclude that the ramification locus in such a region is empty. Our arguments here are based on the Peter-Weyl Theorem.
(i) M is embeddable.
(ii) The continuous CR-functions separate points on M.
(iii) There exists a linear G-space V together with a G-equivariant CR-isomorphism from M onto some orbit G Á v in V.
Proof. (i) ) (ii) and (iii) ) (i) are trivial. Suppose that (ii) holds and fix a point a A M. Denote by C CR ðMÞ the complex Banach algebra of all continuous CR-functions on M. Then G acts by linear isometries on C CR ðMÞ if we associate to every g A G the linear operator f 7 ! f g À1 . Denote by R H C CR ðMÞ the linear subspace of all representative functions on G, that is, of all f A C CR ðMÞ that are contained in some G-invariant linear subspace of finite dimension in C CR ðMÞ. By the Peter-Weyl Theorem, compare for instance [5] , p. 141, R is a dense subalgebra of C CR ðMÞ. Define inductively finite chains
in the following way, where every V j is a G-invariant linear subspace of finite dimension in R and M j ¼ fz A M : f ðzÞ ¼ f ðaÞ for all f A V j g: Assume that V j with M j 3 fag is already defined. Let X be the subspace of all functions in R that are constant on M j . By (i), X is not dense in C CR ðMÞ and hence also is not dense in R. Therefore there exists a function f A RnX . Let V jþ1 be the smallest G-invariant linear subspace of R that contains V j and f . Then V jþ1 has finite dimension and M jþ1 3 M j . Since representative functions are known to be real-analytic and every properly descending chain of closed real-analytic subsets in M is finite, the induction stops after a finite number of steps k. The dual V :¼ LðV k ; CÞ of V k is a linear G-space with respect to ðg Á lÞð f Þ :¼ lð f gÞ for all g A G, f A W , and eðzÞð f Þ :¼ f ðzÞ defines a real-analytic CR-map e : M ! V . Since e is also G-equivariant we get a CR-isomorphism from M onto the orbit G Á v for v :¼ eðaÞ, proving (iii). r
In the following let M be a connected CR-manifold and let C CR ðMÞ be the algebra of all continuous CR-functions on M. We always assume that C CR ðMÞ separates the points of M and that G is a compact connected and simply-connected Lie group acting transitively and analytically by CR-transformations on M. This implies that G is semi-simple and that M has finite fundamental group. In case t : N ! M is a covering map with a Hausdor¤ topological space N there is a unique structure of CR-manifold on N such that t is a local CR-isomorphism and we ask: When do the continuous CR-functions on N separate points? or, what is equivalent in view of Proposition 3.1: When is N embeddable? For this consider on N the equivalence relation given by identifying points that cannot be separated by continuous CR-functions and denote by N the corresponding quotient space. Since M is separable by CR-functions, the covering map t : N ! M factors over the canonical projection N ! N and a mapping t : N ! M. The action of G on M lifts to an action on N. From this it is easily derived that N is a (Hausdor¤ ) CR-manifold, separable by CRfunctions, and that both mappings are covering maps themselves. In case N is the universal covering of M we writeM M instead of N andM M instead of N. It is clear that every nontrivial covering ofM M gives an example of a non-embeddable CR-manifold. 
Orbits of invertible matrices
We start by describing the examples of Sect. 2 in more detail: For fixed integer p f 2 and G :¼ SUðpÞ, we again consider E :¼ fz A C pÂp : z ¼ z 0 g as linear G-space with respect to g Á z :¼ gzg 0 for all g A G. For every z A E denote by 
with l 1 > l 2 > Á Á Á > l k f 0. For every j e k, denote by r j f 1 the multiplicity of the singular value l j for a.
The connected and simply-connected Lie group G ¼ SUðpÞ acts transitively on the CR-manifold M by CR-transformations. To apply the results from Sect. 3 we need suitable non-trivial coverings of M. We claim that the fundamental group of M is Z Recall that we writeM M for the space of equivalence classes of points in the universal covering of M that are not separable by continuous CR-functions. Our first main result now is: 4.3. Theorem. In case a A E is an invertible matrix, every continuous CR-function on the universal coveringM M of the orbit M ¼ GðaÞ is the pullback of some CR-function on M, that is,M M ¼ M. In particular, every non-trivial covering of M is a non-embeddable CRmanifold.
Proof. S :¼ fz A E : detðzÞ ¼ detðaÞg is a G-invariant complex submanifold of E containing the orbit M. For every j e p consider the real valued function m j :¼ s 1 s 2 Á Á Á s j on E. Then Y :¼ fz A S : m j ðzÞ < m j ðaÞ for all j < pg is a (possibly empty) G-invariant domain in S satisfying condition 3.2(i) as a consequence of [15] , Theorem 12.1. But also 3.2(ii) holds since, for every y A S, the orbit G Á y is a generic CR-submanifold of S, compare [15] , section 8. Because of Proposition 3.2 therefore we only have to verify 3.2(iii), that is, that M W Y is simply-connected. But this follows with the odd functional calculus on E that we briefly recall here (compare the discussion between 10.7 and 10.8 in [15] ): Every odd function f : R ! R induces a G-equivariant (ii) There exist coverings U ! G Á a, V ! G Á b such that U; V are CR-isomorphic.
(iii) The orbits G Á a and G Á b are CR-isomorphic.
Proof. Every CR-isomorphism U ! V maps maximal sets that cannot be separated by continuous CR-functions, to sets with the same property and hence induces a CRisomorphism of the corresponding orbits as a consequence of 4.3. r (ii) In case a B FixðyÞ the covering spaces of M are pairwise CR-inequivalent.
Proof. Let G j H p 1 ðM; aÞ be subgroups with associated coverings t j : N j ! M for j ¼ 1; 2 and assume that x : N 1 ! N 2 is a CR-homeomorphism. Then x lifts to a transformationx x A Aut CR ðM MÞ of the universal coveringM M of M. As a consequence of 4.4,x x is the lifting of a transformation in Aut CR ðMÞ. In case a A FixðyÞ the group Aut CR ðMÞ is generated by its connected identity component and y a [15] , Corollary 13.6, proving (i). Again by [15] , Corollary 13.6, Aut CR ðMÞ is connected if a A D þ is not in Fix½y, proving (ii). r
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Orbits of non-invertible matrices
Having settled the invertible matrix case in the preceding section let us assume for the rest of this section that a 3 0 in E is not invertible and hence has rank r with 0 < r < p. Denote by E k H E for every 0 e k e p the (locally closed) complex submanifold consisting of all matrices with rank k in E. Then the orbit
is a generic and minimal CR-submanifold of E r . In contrast to the case of invertible matrices, M is circular, i.e., invariant under all transformations z 7 ! e it z, t A R.
The group GLðp; CÞ acts by matrix multiplication from the left on C pÂr . Also E is a linear GLðp; CÞ-space with respect to g Á z ¼ gzg 0 for all g A GLðp; CÞ, and the holomorphic mapping j : C pÂr ! E; jðzÞ :¼ zz 0 ; ð5:1Þ is GLðp; CÞ-equivariant and has the closure
as image. The complex orthogonal group Oðr; CÞ acts on C pÂr from the right and the categorical quotient C pÂr = =Oðr; CÞ is a normal complex space. The mapping j is Oðr; CÞ-invariant and induces a biholomorphic map from C pÂr = =Oðr; CÞ onto the complex analytic cone R ¼ E r in E, compare e.g. [11] , p. 182.
Without loss of generality we may assume a A D 0 , see (2.3). Define l 1 > l 2 > Á Á Á > l k ¼ 0 with multiplicities r 1 ; . . . ; r k as in (4.1) and identify M as homogeneous space with G=K, where the isotropy subgroup K at a is given by (4.2). The subgroup
has index 2 in K. Therefore, the homogeneous space G=K K is a 2-sheeted covering of M ¼ G=K.
Recall from Sect. 3 the definition of the coveringM M ! M, which in a way is maximal with respect to the property that the covering space is embeddable. Our second main result now states: 5.2. Theorem. For every orbit M ¼ G Á a with a 3 0 non-invertible in E, the coverinĝ M M ! M is 2 : 1 and CR-isomorphic to G=K K ! G=K.
Proof. In a first step we show that M admits a 2-sheeted covering N ! M with N an embeddable (connected) CR-manifold. For r ¼ rankðaÞ and j as in (5.1) fix a matrix c A j À1 ðaÞ and consider the pre-image S :¼ j À1 ðMÞ ¼ fucv : u A SUðpÞ; v A Oðr; CÞg; ð5:3Þ Kaup and Zaitsev, Non-embeddable CR-manifolds which is a generic CR-submanifold of C pÂr . We claim that S is connected. Since SUðpÞ and SOðr; CÞ are connected, it is enough to show cv A S for some v A Oðr; CÞ with detðvÞ ¼ À1. Without loss of generality we may assume that the matrix c A C pÂr is diagonal, that is, c jk ¼ 0 if j 3 k. But then, if we also choose v to be diagonal, there is a matrix w A Oðp À rÞ with u :¼ v 0 0 w A SUðpÞ, and cv ¼ uc A S proves the claim. The di¤eren-tial of j : S ! M at c A S induces a complex linear surjection H c S ! H a M of the corresponding holomorphic tangent spaces. Consequently, M can be identified as CR-manifold with S=Oðr; CÞ, and S=SOðr; CÞ is a 2-sheeted covering of M. Since every r Â r-minor on C rÂp is an SOðr; CÞ-invariant holomorphic function that is not Oðr; CÞ-invariant, the quotient CR-manifold S=SOðr; CÞ is separable by CR-functions and hence embeddable by Proposition 3.1.
In a next step we show that every covering N ! M with N embeddable has degree e 2. For this consider the G-invariant domain Y :¼ fz A E r : s j ðzÞ < s j ðaÞ for all j e rg in the complex submanifold E r H E. Then property 3.2(i) is satisfied as a consequence of [15] , Theorem 12.1. But also 3.2(ii) holds since, for every y A Y , the orbit G Á y is a generic CR-submanifold of Y , compare [15] , section 8. Let e A E r be a matrix with s 1 ðeÞ ¼ s r ðeÞ < s r ðaÞ. Then the orbit G Á e has fundamental group Z 2 and is contained in M W Y . As in the proof of Theorem 3.2 we conclude that G Á e is a retract of M W Y . Proposition 3.2 now can be applied and gives that the covering N ! M has degree e 2. Both steps together complete the proof. r As a consequence of Proposition 3.1 the 2-sheeted covering spaceM M of M can be realized as a G-orbit in some linear G-space. In the following we give such a realization. For this identify C p ¼ C pÂ1 and consider the r-fold exterior product F :¼ L r ðC p Þ. Then F is also a linear GLðp; CÞ-space if we put g Á o :¼ L r ðgÞðoÞ for all g A GLðp; CÞ and o A F . In analogy to (5.1) consider the GLðp; CÞ-equivariant holomorphic mapping c : C pÂr ! F ; cðzÞ :¼ z 1 5z 2 5 Á Á Á 5z r ; ð5:4Þ where z 1 ; . . . ; z r A C p are the column vectors of the matrix z ¼ ðz 1 ; . . . ; z r Þ. It is easily seen that cðzvÞ ¼ detðvÞcðzÞ holds for all ðz; vÞ A C pÂr Â GLðr; CÞ and hence that c is SOðr; CÞ-invariant but not Oðr; CÞ-invariant. Consider E Â F as direct product of linear GLðp; CÞ-spaces. Then the image Q of the algebraic map w :¼ ðj; cÞ : C pÂr ! E Â F is a GLðp; CÞ-invariant complex analytic subset of E Â F . In addition, Q is invariant under the biholomorphic transformation e given by ðx; oÞ 7 ! ðx; ÀoÞ. The quotient C pÂr = =SOðr; CÞ is a normal complex space and w induces a holomorphic homeomorphism C pÂr = =SOðr; CÞ ! Q. Actually, this homeomorphism is biholomorphic by [6] , and hence Q is a normal Stein space.
Denote by p the restriction to Q of the canonical projection E Â F ! E. The preimage p À1 ðE r Þ is a simply-connected domain in Q and p : p À1 ðE r Þ ! E r is a 2-sheeted covering of complex manifolds. For every k < r the holomorphic mapping p : p À1 ðE k Þ ! E k is bijective. Now fix a matrix c A C pÂr with a ¼ jðcÞ and put a :¼ cðcÞ. For S, defined in (5.3), then the orbit wðSÞ ¼ G Á ða; aÞ in Q is a 2-sheeted covering of M with respect to p and hence can be identified as CR-manifold with the coveringM M ¼ S=SOðrÞ of M.
Denote by C CR ðMÞ the complex Banach algebra of all continuous CR-functions on M. Then by [15] , every f A C CR ðMÞ has a unique continuous extension to the compact subset ZðaÞ :¼ fz A R : s j ðzÞ e s j ðaÞ for all j e rg of R ¼ E ðrÞ , whose restriction to the domain YðaÞ :¼ fz A R : s j ðzÞ < s j ðaÞ for all j e rg in the complex Stein space R is holomorphic. Actually, via point evaluation, the spectrum of C CR ðMÞ identifies with the set ZðaÞ. As a consequence, the spectrum of C CR ðM MÞ can be identified with the compact subsetẐ ZðaÞ :¼ p in the Stein space Q is holomorphic. Indeed, e splits C CR ðM MÞ into þ1-and À1-eigenspace, and every f in the À1-eigenspace is a square root of a function in the þ1-eigenspace.
Final remarks
In this final section a A E is an arbitrary element, may be invertible or not. The following remark is easily seen, compare also [15] .
6.1. Remark. For every a A E the following conditions are equivalent:
(i) The orbit G Á a is simply-connected.
(ii) The orbit G Á a is totally real in E.
(iii) All singular values of a coincide.
(iv) aa Ã ¼ s1 for some s f 0.
6.2. Proposition. For every a A E the following conditions are equivalent:
(i) The universal covering of the orbit G Á a is embeddable as CR-manifold.
(ii) All non-zero singular values of a coincide.
(iii) aa Ã a ¼ sa for some s f 0.
Proof. (i) ) (ii). Suppose that (i) holds. Because of Remark 6.1 we may assume without loss of generality that G Á a is not simply-connected. As a consequence of Theorem 4.3 the matrix a is not invertible and hence has 0 as singular value. By Theorem 5.2 the orbit G Á a has fundamental group Z 2 and hence precisely 2 di¤erent singular values.
(ii) ) (iii). Suppose that (ii) holds. The subgroup flg : l A C Ã ; g A Gg of GLðEÞ maps G-orbits onto G-orbits and respects all conditions (i)-(iii). We may therefore assume a A D without loss of generality, see (2.2). But then aa Ã a ¼ a implies (iii).
(iii) ) (i). Suppose that (iii) holds. We may assume s > 0 since otherwise a ¼ 0 and (i) would hold. But then we even may assume a A D and s ¼ 1, that is, 1 is the only non-zero singular value of a. In case a is invertible, Remark 6.1 gives that G Á a is simply-connected. In case a is not invertible, the universal covering of M ¼ G Á a is the only 2-sheeted covering of M and hence coincides withM M by Theorem 5.2. In any case, (i) must be true. r
The set of all a A E for which all singular values are pairwise di¤erent, i.e. kðaÞ ¼ p, is open and dense in E. For every such a the orbit M ¼ G Á a has CR-codimension p À 1 and the isotropy subgroup K ¼ fg A G : g Á a ¼ ag is isomorphic to Z pÀ1 2 . As a consequence, the universal coveringM M of M can be identified as homogeneous G-space with G acting on itself by left translations. In particular, for p ¼ 2 and 0 e t < 1 the universal coveringM M t of the orbit M t :¼ G Á 1 0 0 t is of hypersurface type and gives a leftinvariant strongly pseudoconvex CR-structure on SUð2Þ F S 3 . In addition, theM M t , 0 e t < 1, are pairwise inequivalent as CR-manifolds and also are non-embeddable except for t ¼ 0 (M M 0 is CRequivalent to the standard embedding of the 3-sphere S 3 in C 2 ), compare [16] , [9] , [3] , [13] .
